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Abstract. We present a simple generalisation of the ΛCDM model which on the one
hand reaches very good agreement with the present day experimental data and provides an
internal inflationary mechanism on the other hand. It is based on Palatini modified gravity
with quadratic Starobinsky term and generalized Chaplygin gas as a matter source providing,
besides a current accelerated expansion, the epoch of endogenous inflation driven by type
III freeze singularity. It follows from our statistical analysis that astronomical data favors
negative value of the parameter coupling quadratic term into Einstein-Hilbert Lagrangian
and as a consequence the bounce instead of initial Big-Bang singularity is preferred.ar
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1 Introduction
Extended Theories of Gravity (ETG’s) have been gained a lot of interest as some of them
could help us to understand shortcomings in theoretical physics which General Relativity
(GR) [1, 2] is not able to explain (for reviews, see e.g. [3–7]). One tries to modify the
geometric part of field equations (it means the gravity action) as well as the matter part in
order to clarify problems like inflation [8, 9], dark energy [3–5, 10], dark matter, large scale
structure. Moreover, one would like to reveal a way to formulate Quantum Gravity. The
first modification of Einstein’s field equations was done by Einstein himself by introducing a
cosmological constant to the gravitational action in order to make the cosmological solutions
static. Adding to the action scalar fields as an additional dynamical variable, considering
exotic fluids instead of standard baryonic matter, generalizing the action functional, vary-
ing physical constants (velocity of light, gravitational constant) and many others [3–5, 11]
have been considering theoretically and experimentally by many authors, although no the-
ory has been set as appropriate so far. There is still room for new investigations of the
existing theories as many of them pass the solar system tests [12, 13]. Each theory must
be confronted with the newest observational data [14–17] and should be compared with the
standard cosmological model, so-called ΛCDM (see e.g. [18–20, 80]).
In this paper we have proposed two modifications of the standard theory of gravity.
The first correction concerns the geometric part of the field equations; we have studied
f(Rˆ)-gravity in Palatini formalism [21–24]. In that approach the torsionless connection Γˆ
is treated as a variable independent of the spacetime metric gµν and it is used to construct
Riemann and Ricci tensor. The approach possesses a huge advantage in comparison to f(R)-
gravity considered in the metric formalism [6, 7, 12, 13, 22] since the equations of motion
are second order ones (in f(R)-gravity in the metric formalism one deals with fourth-order
differential equations). In the case of GR, it means when one considers the Einstein - Hilbert
Lagrangian f(Rˆ) = Rˆ, the variation with respect to the connection arises to a conclusion
that the connection is the Levi-Civita connection of the metric gµν . But the situation is
different for ETG’s, that is, for more complicated functions f(Rˆ).
Although the f(Rˆ)-gravity in the Palatini approach suffers problematic issues like being
in conflict with the Standard Model of particle physics [22, 25–27], surface singularities of
static spherically symmetric objects in the case of polytropic equation of state [28], the alge-
braic dependence of the post-Newtonian metric on the density [29, 30], and the complications
with the initial values problem in the presence of matter [30, 31], it is still a subject of many
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investigations in cosmological applications [32, 33] astrophysics [34–36] and others [37–39].
There are also works on hybrid metric-Palatini gravity that combines two formalisms: metric
and Palatini [40–42]. It is also worth to mention that Palatini formalism is widely used in
such theories like e.g. f(RˆµνRˆ
µν)-gravity (see e.g. [6, 7] for review) because it cures the com-
plication with the connection treated as an auxiliary field promoting it to a truly dynamical
field [28, 43] without making the equations of motion second order in the fields. In the metric
approach one deals with a problem called the Ostrogradski instability [44].
The second modification is applied to the equation of state (EoS) p = p(ρ). In cosmology,
in the standard approach one uses the barotropic EoS p = ωρ, where ω is a dimensionless
number indicating a kind of matter. In our work we would like to investigate exotic fluid so-
called Generalized Chaplygin Gas (GCG) [45, 46] which recently has gained a lot of attention
in the literature [47–49]. The interesting feature of Chaplygin gas is that it is the only fluid
known up to now which has a supersymmetric generalization [50, 51]. Moreover, it has also
a representation as tachyon field [52, 53]. It was introduced in order to compute the lifting
force on a wing of an airplane in aerodynamics [54] but it has also been used in cosmology
[45, 55–64] since it can be seen as realization the idea of quintessence for unification both
dark mater and dark energy.
Concluding, we shall consider the homogeneous and isotropic universe filled by the GCG
and baryonic matter. We will investigate cosmological models of extended cosmology basing
on generalization of GR to f(R) = R+γR2 theory of gravity [8]. Our choice of the Lagrangian
is motivated by a possibility of an explanation different problems in modern cosmology like
for example the problem of sterile neutrinos, the problem of acceleration of the current
Universe and others already mentioned. These f(R) models offer the explanation of present
dark energy [65] and satisfy all existing observational constraints. They are interesting in
the context of study of the deviation of the background evolution from the standard ΛCDM
model which is very small, less than a few percent (see [66, 67] and see for recent results
[68]).
For f(R) cosmologies there is a very interesting approach which allows to explain the
inflation as an endogenous effect. One considers such ideas like intermediate inflation (for
discussion of intermediate inflation see also [69, 70]) or inflation driven by type IV singularities
[71, 72].
In our work, we shall study observational constraints on the cosmological model f(Rˆ) =
Rˆ + γRˆ2 in the Palatini formalism. We will estimate, using the recent astronomical data,
model parameters and compare the model with the standard cosmological one ΛCDM. We
will incorporate the idea of quintessence by considering the GCG as a source of gravity.
Additionally, the visible baryonic matter will be added to the matter part.
From our statistical analysis it will be shown that the model under consideration arises
to examine the effect which might be treated as a small deviation from the ΛCDM model
(represented later by the density parameter Ωγ). It introduces a freeze type singularity in the
early evolution of the Universe. The correspondence with the standard cosmological model
is achieved if the deviation term goes to zero. We calculate the likelihood interval for value
of the deviation parameter Ωγ which belongs to the interval [0, 10
−9].
In the estimation of the model parameters we have obtained an exact formula for the
Friedmann equation H2 which is written as a function of redshift. Moreover, for the special
case of the pure Chaplygin Gas we have also received an exact formula for a value of redshift
corresponding to a freeze singularity as a function of model parameters.
The paper is written as follows. In the section 2 we will give some basis of the Palatini
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cosmology and GCG. In the section 3 we will introduce a suitable parametrization of the
model and perform analytic examination. The section 3 will treat about the statistical
analysis and the results will be presented. We will shortly conclude our investigation in the
section 5.
2 Preliminaries
Let us shortly discuss the formalism that we are going to consider in the paper. The action
of the Palatini f(R) theories is of the form:
S =
1
2κ
∫
d4x
√−gf(Rˆ) + Sm, (2.1)
where f(Rˆ) is a function of a Ricci scalar Rˆ = gµνRˆµν(Γˆ) constructed by the metric-
independent torsion-free connection Γˆ and Sm is a matter action independent of the con-
nection. One varies the action with respect to the metric and obtains
f ′(Rˆ)Rˆ(µν) −
1
2
f(Rˆ)gµν = κTµν . (2.2)
The prime denotes differentiation with respect to Rˆ and Tµν is the standard (symmetric)
energy-momentum tensor given by the variation of the matter action with respect to gµν .
The g-trace of (2.2) gives us the structural equation of the spacetime controlling (2.2)
f ′(Rˆ)Rˆ− 2f(Rˆ) = κT. (2.3)
Assuming that we can solve (2.3) as Rˆ(T ) we get that f(Rˆ) is a function of T , where
T = gµνTµν is a trace of the energy-momentum tensor. The variation with respect to the
connection can be written as
∇ˆλ(
√−gf ′(Rˆ)gµν) = 0 (2.4)
from which it follows that the connection is the Levi-Civita connection for the conformally
related metric f ′(Rˆ)gµν . For more detailed discussion see for example [73–75].
In the following paper we will consider perfect fluid energy-momentum tensor
Tµν = ρuµuν + phµν , (2.5)
where ρ and p = p(ρ) are energy density and pressure of the fluid, respectively. The vector
uµ is an observer co-moving with the fluid satisfying gµνu
µuν = −1 and hµν = δµν + uµuν is a
3-projector tensor projecting 4-dimensional object on 3-dimensional hypersurface in the case
when the observer u is rotation-free. Hence, the trace of (2.5) is
T = 3p− ρ. (2.6)
Following the approach of [73–75], the generalized Einstein’s equations (2.2) can be written
as
Rˆµν(Γ) = gµαP
α
ν , (2.7)
where the operator Pαν consists of two scalars b = f
′(Rˆ) and c = 12f(Rˆ) depending on Rˆ
Pαν =
c
b
δµν +
1
b
Tµν , (2.8)
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The background metric under our consideration is the Friedmann-Robertson-Lemaitre-
Walker (FRLW) metric
ds2 = −dt2 + a2(t)
[
1
1− kr2dr
2 + r2(dθ2 + sin2 θdφ2)
]
, (2.9)
where k = 0, 1,−1 is the space curvature and a(t) is a scale factor depending on cosmological
time t. The energy-momentum tensor (2.5) satisfies the metric covariant conservation law
∇µTµν = 0 as we are considering the Palatini f(Rˆ) gravity as a metric theory [22]. Due to
that fact, one deals with the continuity equation
ρ˙+ 3H(p+ ρ) = 0, (2.10)
where H = a˙a is the Hubble constant. If one know the relation between the pressure p and
energy density ρ, i.e. equation of state p = p(ρ), then using (2.9) and (2.10), one may obtain
a dependence ρ on the scale factor a(t). The generalised Einstein’s field equations (2.7) for
the FRLW metric is the generalised Friedmann equation [73–75](
a˙
a
+
b˙
2b
)2
+
k
a2
=
1
2
P 11 −
1
6
P 00 , (2.11)
where P 11 and P
0
0 are the components of (2.8). Therefore, the modified Friedmann equation
has the form [20, 73–75]:(
a˙
a
+
b˙
2b
)2
+
k
a2
=
1
2
(c
b
+
p
b
)
− 1
6
(c
b
− ρ
b
)
. (2.12)
Let us draw our attention on the matter part of the modified Einstein’s field equations.
The energy-momentum tensor has a perfect fluid form with the equation of state p = p(ρ).
In our work we will consider an exotic perfect fluid, the so-called Generalized Chaplygin Gas
(GCG) [45, 76], that is, the equation of state is
p = − A
ρα
, (2.13)
where constants A and α satisfy A > 0 and 0 < α ≤ 1. For α = 1 one deals with the
original Chaplygin gas [54, 55]. Substituting GCG into the conservation law (2.10) in FRLW
spacetime we get
ρ =
(
A+
B
a3(1+α)
) 1
1+α
, (2.14)
where B > 0 is an integration constant. One notices that in the GCG model the early stage
of the Universe is dominated by dust (ρ ∝ a−3) while at late times by cosmological constant
(vacuum energy, ρ ' const).
3 Physical parameterization of Generalized Chaplygin Gas
Let us consider the ansatz f(Rˆ) = Rˆ + γRˆ2 and apply it to the structural equation of the
theory (2.3). With the help of the equation (2.6) one gets the Palatini curvature scalar as a
function of the scale factor a(t) for GCG
Rˆ =
(
A+Ba−3(1+α)
) −α
1+α
(
4A+Ba−3(1+α)
)
. (3.1)
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For the further analysis, instead of the original A, B parameters, it would be convenient
to use observational constraints on the parameters of GCG model which are strictly related
with physics [45]. For this aim let us introduce As and ρch,0 defined as follows
ρch = ρch,0
(
As +
1−As
a3(1+α)
) 1
1+α
= 3H20 Ωch,0
(
As +
1−As
a3(1+α)
) 1
1+α
, (3.2)
where Asρ
1+α
ch,0 = A, ρ
1+α
ch,0 (1−As) = B. The quantities labeled by index ‘0’ correspond to the
present epoch. We also introduce the quantity K, which will be useful later, as follows
K =
3As
As + (1−As)a−3(1+α)
. (3.3)
Since a ∈ [0, +∞), K(a) function is bounded K ∈ [0, 3). It is related to the squared
velocity of sound c2s =
∂p
∂ρ =
αAs
As+(1−As)a−3(1+α) =
1
3αK.
Let us define a new dimensionless parameter related with the γ parameter
Ωγ = 3γH
2
0 , (3.4)
and new dimensionless functions related to the functions Rˆ, b, c, ρch in the following way:
ΩR =
Rˆ
3H20
= Ωch,0
(
As +
1−As
a3(1+α)
) 1
1+α 4 + (1−As)As a
−3(1+α)
1 + (1−As)As a
−3(1+α)
= Ωch(K + 1), (3.5)
b =f ′(Rˆ) = 1 + 2ΩγΩR = 1 + 2ΩγΩch(K + 1), (3.6)
Ωch =Ωch,0
(
As +
1−As
a3(1+α)
) 1
1+α
= Ωch,0
(
3As
K
) 1
1+α
, (3.7)
Ωc =
c
3H20
=
1
6H20
f(Rˆ) =
Rˆ
6H20
(1 + γRˆ) =
ΩR
2
(1 + ΩγΩR)
=
Ωch(K + 1)
2
(1 + ΩγΩch(K + 1)). (3.8)
Note that d(t) ≡ 1H b˙, b˙ = dbdt function can be rewritten in the terms of K
d = 2ΩγΩch(3−K)[α(1−K)− 1]. (3.9)
Including to the model spatial curvature effects, the normalized Friedmann equation
(2.12) H2/H20 is written as a function of the scale factor a =
1
1+z (or redshift z)
H2
H20
=
b2(
b+ d2
)2 (ΩγΩ2ch (K − 3)(K + 1)2b + Ωch + Ωk
)
, (3.10)
where Ωk = − kH20a2 . The function b is positive as both Ωγ and ΩR are positive.
We can also add to formula (3.10) dimensionless parameter Ωr = Ωr,0a
−4 = ρr
3H20
a−4
related with the radiation. Pressure of the radiation is equal pr =
1
3ρr, where ρr is density
of the radiation. Because trace of radiation is equal zero then the formula (3.1) for Rˆ is not
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changed. In consequence, formulas for b and d are the same. Expression (3.10) for the case
with radiation has the following form
H2
H20
=
b2(
b+ d2
)2 (ΩγΩ2ch (K − 3)(K + 1)2b + Ωch + Ωrb + Ωk
)
. (3.11)
Let us notice that if the coordinate transformation t → τ : |b|dt|b+ d
2
| = dτ is non-singular,
then the relation (3.10) can be rewritten into the form
H2(τ)
H20
= ΩγΩ
2
ch
(K − 3)(K + 1)
2b
+ Ωch + Ωk, (3.12)
where new Hubble parameter is H(τ) = a(τ)−1 da(τ)dτ . Note that new time τ is growing
function of the original cosmological time t. In order to investigate whether the reparame-
terization of time is a diffeomorphism, let us consider zero of the function
f(K,α,As,Ωγ) = 2b+ d =⇒ αK2 − 3(1 + α)K − K
1
1+α
ΩγΩch,0 (3As)
1
1+α
+ 1 = 0. (3.13)
The real solution of the above algebraic equation in the interval [0, 3) will determine the
position of the singularity asing: f(K(asing)) = 0. At this singular point the value a = asing is
finite and can be reached at finite time tsing. Instead one has a˙sing =∞ and |a¨sing| =∞ (the
vertical inflection point) 1. In more physical terms one reads that an effective matter density
ρeff and an effective pressure |peff| are singular (infinite). Such a singularity is called the freeze
singularity or a singularity of type III (see e.g [71, 72] and references therein for classification
and properties of various cosmological singularities). Freeze singularities were previously
studied in different context, also in relations with GCG, Loop Quantum Cosmology, etc..
(see e.g. [77–79] and references therein). In our case it provides decreasing comoving Hubble
radius (aH)−1 → 0 and hence can serve for inflationary epoch. More detailed analysis will be
presented in a subsequent publication. We remark that these type of singularities are generic
property of Palatini cosmological models [20, 80].
Let us start with the special case α = 1, it means the original Chaplygin gas. Then the
equation (3.13) assumes the following form
K4 − 12K3 + 38K2 − χK + 1 = 0, (3.14)
where
χ =
(
12 +
1
3AsΩ2γΩ
2
ch,0
)
and χ ∈ [12, ∞). (3.15)
From our numerical analysis and the bound Ksing ≤ 3
1+( 1−As
As
)a
−3(1+α)
sing
we obtain that there is
a single singularity of type III. It is interesting that zero of f(K) function can be obtained
in the exact form
Ksing = 3− ζ√
6
−
√√√√(16
3
+
(9χ− 364)
3ξ
− 1
12
ξ −
√
6(χ− 12)
4ζ
)
, (3.16)
1It is rather known (see e.g. [20, 80]) that Palatini cosmological models are dynamical systems of Newtonian
type: a¨ = − dV (a)
da
, where the (non-positive) potential is determined by the Hubble rate V (a) = − 1
2
a2H2. Thus
our singular point is just a pole of such potential function.
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where
ζ(χ) =
√
16 +
2(364− 9χ)
ξ
+
ξ
4
, (3.17)
ξ(χ) =
(
55448− 2052χ+ 27χ
2
2
+
3
2
√
3(χ− 12)2 (27χ2 − 12496− 648χ)
)1/3
. (3.18)
Therefore, the position of the singularity crucially depends on the χ parameter which for
Ωγ  1 is χ =
(
3AsΩ
2
γΩ
2
ch,0
)−1
. The scale factor for this case is expressed by the following
formula
asing =
(
As
1−As
) −1
3(1+α)
 3
3− ζ√
6
−
√(
16
3 +
(9χ−364)
3ξ − 112ξ −
√
6(χ−12)
4ζ
) − 1

−1
3(1+α)
. (3.19)
If α = 0 then the matter content of our universe is the same as in ΛCDM model 2. For
this case the equation f(K) = 0 possesses a solution if there exists a value of the scale factor
for the singularity. Expressions for Ksing and the asing are the following
Ksing =
1
3 + 13ΩγΩch,0As
and asing =
(
1−As
8As +
1
ΩγΩch,0
) 1
3
for α = 0. (3.20)
Therefore, we should expect that in the case of homogeneous cosmological models with
Chaplygin gas (which is reduced to the Λ and dust matter) there is the freeze type of singu-
larity.
In the general case we have that
b2(
b+ d2
)2 = (1 + 2ΩγΩch,0(K + 1))2(1 + ΩγΩch,0(3K + αK(3−K)− 1))2 . (3.21)
Note that all density parameters α, Ωch,0, Ωk,0, As, Ωγ are not independent and satisfy
the constraint condition
1− Ωch,0 − Ωk,0 = ΩγΩch,02+4ΩγΩch,0(3As+1)×
×(1−As)(1− 3αAs)
(
12− 3Ωch,0 + 6ΩγΩch,01+2ΩγΩch,0(3As+1)
)
.
(3.22)
4 Statistical analysis
In this section a statistical analysis of the considered model is presented: we have used
the SNIa, BAO, CMB and lensing observations, measurements of H(z) for galaxies and the
Alcock-Paczyn´ski test.
2In fact, the case α = γ = 0 reconstructs ΛCDM model completely. However we should notice that the
presence of the quadratic term (γ 6= 0) is crucial for our considerations. For γ = 0 one gets b = 1, d = 0 and
the equation (3.13) has no solutions at all. From the other hand the value γ << 1 should be very small in
order to locate the singularity in an appropriate epoch.
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The data from Union 2.1 which is the sample of 580 supernovae [14] has been also used.
The likelihood function for SNIa is expressed by the following formula
lnLSNIa = −1
2
[A−B2/C + log(C/(2pi))], (4.1)
where A = (µobs−µth)C−1(µobs−µth), B = C−1(µobs−µth), C = trC−1 and C is a covariance
matrix for SNIa. The distance modulus is expressed by µobs = m − M (where m is the
apparent magnitude and M is the absolute magnitude of SNIa) and µth = 5 log10DL + 25
(where the luminosity distance is given by DL = c(1 + z)
∫ z
0
dz′
H(z)).
We have used Sloan Digital Sky Survey Release 7 (SDSS DR7) dataset for z = 0.275 [81],
6dF Galaxy Redshift Survey measurements for redshift z = 0.1 [82], the BOSS DR 9 mea-
surements for z = 0.57 [83, 84], and WiggleZ measurements for redshift z = 0.44, 0.60, 0.73
[85]. The likelihood function for BAO has the following form
lnLBAO = −1
2
(
dobs − rs(zd)
DV (z)
)
C−1
(
dobs − rs(zd)
DV (z)
)
, (4.2)
where rs(zd) is the sound horizon at the drag epoch [86].
The likelihood function for the Planck observations of cosmic microwave background
radiation (CMB) [68], lensing, and low-` polarization from the WMAP (WP) is given by the
following expression
lnLCMB+lensing+WP = −1
2
(xth − xobs)C−1(xth − xobs), (4.3)
where C is the covariance matrix with the errors, x is a vector of the acoustic scale lA, the
shift parameter R and Ωbh
2 where
lA =
pi
rs(z∗)
c
∫ z∗
0
dz′
H(z′)
, (4.4)
R =
√
Ωm,0H20
∫ z∗
0
dz′
H(z′)
, (4.5)
where z∗ is the redshift of the epoch of the recombination.
The likelihood function for the Alcock-Paczynski test [87, 88] is given by the following
formula
lnLAP = −1
2
∑
i
(
AP th(zi)−AP obs(zi)
)2
σ2
. (4.6)
where AP (z)th ≡ H(z)z
∫ z
0
dz′
H(z′) and AP (zi)
obs are observational data [15–17, 89–92].
We are using data of H(z) for galaxies from [93–95]. The likelihood function is expressed
by
lnLH(z) = −
1
2
N∑
i=1
(
H(zi)
obs −H(zi)th
σi
)2
. (4.7)
The final likelihood function is
Ltot = LSNIaLBAOLAPLH(z). (4.8)
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Figure 1. The likelihood function of two model parameters (α, Ωγ) with the marked 68% and 95%
confidence levels for model with the Chaplygin gas and radiation. We assume H0 = 67.27
km
s Mpc ,
As = 0.6908.
We used our own code CosmoDarkBox in estimation of the model parameters. This
code uses the Metropolis-Hastings algorithm [96, 97].
In model estimation we assume that model possesses three free parameters: As, α and
Ωγ . It is assumed for simplicity that model is flat and parameter Ωch is derived from the
corresponding constraint condition. Accordingly, we also assume that H0 = 67.27
km
s Mpc and
redshift of matter-radiation equality zeq = 3395 and the value of Ωγ < 10
−9. If the value
of Ωγ had been more than 10
−9 then the epoch of the freeze singularity would have been
in the epoch of recombination or after. We consider two models. The first model is for the
Chaplygin gas with radiation (see equation (3.11)). The second model is for the Chaplygin
gas with barionic matter which is described by formula
H2
H20
=
b2(
b+ d2
)2 (ΩγΩ2ch (K − 3)(K + 1)2b + Ωch + Ωbm + Ωk
)
, (4.9)
where Ωbm = Ωbm,0a
−3 related with the presence of baryonic visible matter for which the
parameter Ωbm,0 = 0.04917 is assumed following the Planck estimation. The results of
statistical analysis for the first model are represented in Tables 1 and 2 and in figure 1, where
it is shown the likelihood function with 68% and 95% confidence level. The results for the
second model are shown in Table 3 and in figures 3, 4. PDF diagrams are presented in figures
2, 5 and 6.
The value of χ2 for the best fit for the model with the Chaplygin gas and barionic
matter is equaled to 117.816 and the value of reduced χ2 is equal 0.1894. For the model
with the Chaplygin gas and radiation χ2 for the best fit is equaled 117.722 and the value of
reduced χ2 is equal 0.1892. We have used the BIC (Bayesian Information Criterion). The
BIC is defined as follows [98, 99]
BIC = χ2 + j ln(n), (4.10)
– 9 –
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Figure 2. Diagram of PDF for parameter α obtained as an intersection of a likelihood function
for model with the Chaplygin gas and radiation. Two planes of intersection likelihood function are
Ωγ = −1.15× 10−9 and As = 0.6908.
Table 1. The best fit and errors for model with the Chaplygin gas and radiation for the case where
we assume the value of Ωγ from the interval (−1.2×10−9, 10−9). We assume also As from the interval
(0.67, 0.72), and α from the interval (0, 0.06). The value of χ2 for the best fit is equaled 117.722.
parameter best fit 68% CL 95% CL
As 0.6908
+0.0066
−0.0069
+0.0104
−0.0098
α 0.0373
+0.0083
−0.0373
+0.0131
−0.0373
Ωγ −1.156× 10−9 +2.156× 10
−9
−0.010× 10−9
+2.156× 10−9
−0.015× 10−9
Table 2. The best fit and errors for model with the Chaplygin gas and radiation for the case where
we assume the value of Ωγ from the interval (−1.2 × 10−9, 0). We assume also As from the interval
(0.67, 0.72), and α from the interval (0, 0.06). The value of χ2 for the best fit is equaled 117.722.
parameter best fit 68% CL 95% CL
As 0.6908
+0.0065
−0.0068
+0.0103
−0.0098
α 0.0373
+0.0080
−0.0373
+0.0129
−0.0373
Ωγ −1.156× 10−9 +1.156× 10
−9
−0.008× 10−9
+1.156× 10−9
−0.014× 10−9
where j is number of parameters and n is the number of data points. In this paper, n = 625.
Although number of parameters for our model is 6 (H0, Ωbm,0, Ωr,0, Ωγ , As, α) we took
j = 3 in computation of BIC. It is so since we assumed some values for H0, Ωb,0 and Ωr,0 in
the estimation. The value of BIC for our model with radiation is 137.036. For comparison:
BIC of ΛCDM model is 125.303 (the value of χ2 is 118.866 while reduced χ2 is 0.1908). For
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Figure 3. The likelihood function of two model parameters (α, Ωγ) with the marked 68% and 95%
confidence levels for model with the Chaplygin gas and barionic matter. We assume H0 = 67.27
km
s Mpc ,
As = 0.7264.
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Figure 4. The likelihood function of two model parameters (As, Ωγ) with the marked 68% and 95%
confidence levels for model with the Chaplygin gas and barionic matter. We assume H0 = 67.27
km
s Mpc ,
α = 0.0194.
computation of BIC of ΛCDM model we took j = 1 because, as previously, we assumed that
the values of H0, Ωb,0 and Ωr,0 are already known. In consequence, the only free parameter
is Ωm,0 representing matter. The difference between BIC of our model and ΛCDM model is
∆BIC = 11.733. If the value ∆BIC is between the numbers 2 and 6 then the evidence againt
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Figure 5. Diagram of PDF for parameter α obtained as an intersection of a likelihood function for
model with the Chaplygin gas and barionic matter. Two planes of intersection likelihood function are
Ωγ = 0 and As = 0.7264.
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Figure 6. Diagram of PDF for parameter As obtained as an intersection of a likelihood function for
model with the Chaplygin gas and barionic matter. Two planes of intersection likelihood function are
Ωγ = 0 and α = 0.0194.
Table 3. The best fit and errors for model with Chaplygin gas and barionic matter. We assume As
from the interval (0.70, 0.74), Ωγ from the interval (0, 10
−9) and α from the interval (0, 0.04). Ωbm,0 is
assumed to be 0.04917. The best fit of Ωγ is zero. The value of χ
2 for the best fit is equaled 117.816.
parameter best fit 68% CL 95% CL
As 0.7264
+0.0068
−0.0069
+0.0110
−0.0113
α 0.0194
+0.0090
−0.0194
+0.0146
−0.0194
the model is positive in comparison to the model of the null hypothesis. If that value is more
than 6, the evidence against the model is strong [99]. Consequently, the evidence in favor
ΛCDM model is strong in comparison to our model.
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From our statistical analysis we obtain that the negative best value of Ωγ is favored.
This means that models with bounce instead of the initial singularity are favored. The values
of χ2 for our model and ΛCDM model are comparable.
5 Conclusions
The aim for the paper was to insert inflationary era as an internal gravitational process
into the evolution of early universe. We were motivated by recent papers [71, 72, 100–104],
mostly phenomenological ones, relating type IV singularities with the inflation. Our idea
was to construct concrete cosmological model which could provide on the one hand similar
inflationary scenario and reach a good agreement with the present day experimental data
from the other hand. For checking this hypothesis we considered cosmological model with
Chaplygin gas in the Palatini formalism where freeze singularities of type III do appear in
a natural way as poles in a Newtonian potential [20, 80]. Inserting this type of singularity
into the evolution of early universe provides the inflation in a sense that the corresponding
comoving Hubble radius decreases: (aH)−1 → 0 approaching the singularity. We choose
the parametrization of gravity as f(Rˆ) = Rˆ+ γRˆ2 in order to accomplish minimal deviation
from Einstein gravity. Additionally, it was speculated that the singularity happens before the
recombination epoch which guarantees the preservation of post-recombination physics of the
Universe. From this assumption we obtained an upper limit on the value of the parameter Ωγ .
We also assumed that this parameter is positive at the very beginning because in the early
universe when the Ricci scalar R 1, the term R2 will dominate over R in the Lagrangian.
Therefore, Ωγ is defined in the interval [0; 10
−9).
Our statistical analysis shows that the cosmological model is in a good agreement with
observational data. The model under consideration provides additional density parameter Ωγ
which measures the deviation from the Chaplygin gas model. Let us notice that our model
possesses three parameters to fit. We obtained a best fit and confidence intervals for three
parameters α, As and Ωγ which are consistent with other estimations beyond the context
of the Palatini formalism. From the other hand the only very small (but nonzero) values
of γ are allowed in order to locate singularity before recombination epoch. From statistical
analysis we obtain that the negative value of Ωγ is favored.
We compared the ΛCDM model with our model using BIC (Bayesian information cri-
terion). From this comparison ∆BIC=11.733. In consequence the evidence in favor ΛCDM
model is strong in comparison to our model, while the value of reduced χ2 is in favor of
new models. We have found that the presented modified model of gravity admitted III type
singularity in the early time of the universe evolution. Furthermore, the redshift correspond-
ing to this singularity for the early universe was also computed. In addition, we shortly
discussed the special cases of GCG, it means α=0, α=1 and for them we also recovered the
exact expressions for the value of redshift corresponding to freeze singularity.
Concluding, the investigation of the model gave us the result in a form of the four
phases of the cosmic evolution: the decelerating phase dominated by matter, an intermediate
inflationary phase corresponding to III type singularity, a phase of matter domination (decel-
erating phase) and finally, the phase of acceleration of current universe. Big Bang singularity
is preserved due to the presence of radiation/barionic dust matter term incorporated into
the Friedmann equation. In the case of negative γ < 0 a bounce instead of Big Bang is more
favorable. It should be also remarked that a presence of freeze singularity is a generic feature
of models in the Palatini formalism.
– 13 –
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